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Abstract 

 

Spectral analysis and computer simulation 

are adopted to investigate the effect of 

sampling interval on measuring rough 

surfaces.  It is shown that spectral density 

can be affected by sampling interval.  The 

optimal sampling interval strongly depends 

on the fractal dimension D  and the 

non-scale parameter G . 
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1. Introduction 

 

 The effect of the stylus tip size on 

measuring errors of statistical parameters of 

rough surfaces was investigated in several 

places [1-2].  Another approach was taken 

by Church and Takacs [3].  They studied the 

spectral density of measured surface.  Wu [4] 

also used the spectral analysis and found a 

“critical sampling interval”. 

 The object of the present study is to 

investigate the effect of the sampling interval 

on measuring fractal surface roughness.  In 

this paper, spectral analysis is adopted.  

Finally, formulas are developed to estimate 

critical sampling interval. 

 

2 Mathematical Model of Stylus Locus 

 

 The scheme for finding the locus of 

stylus tip is similar to that of Wu [4]. 

 In developing a computer model, a 

surface is approximated as a discrete series of 

points.  The stylus locus was assumed that: 

(1) The radius of the stylus tip is r . 

(2) The lower semicircle of the stylus tip 

contacts the surface. 

(3) The traced profile is drawn by the center 

of the circle of the stylus tip. 

(4) No plastic or elastic deformations. 

The contact point has coordinates 

)(JX , )(JY and the stylus center has 

coordinates )(IX , )(IZ .  The index J  of 

the point of contact is determined by a search 

over the discrete points spanned by the stylus 

tip for a maximum of the function  

)()]()([)()( IZkYkhMaxJYJh
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where 2/1222 ])()([)( XIkrkh ∆−−=  

The range of indices k 's are searched 

extends from ]/[ XrI ∆−  to ]/[ XrI ∆+ . 

These equations are used to simulate the 

trace of stylus. 

 

3. Profile Generation 
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Figure 1. Stylus center and contact point coordinates 

 

In this paper, we focus on the spectral 

analysis.  Since the spectral density of 

rough surface at high wave number always 

has fractal properties.  Therefore, fractal 

profiles are generated.  For a fractal profile,  

its spectral density is of the form 
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G  is a constant.  Its dimension is ( length ).  

D  is the dimension, where 21 << D .   

The Fourier filtering method [5] is used 

to generate fractal profiles.  First of all, the 

discrete spectral density is made by 
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Therefore, the Fourier Transform of 

generated profile is 
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where kφ  is a set of random phase angles 

uniformly distributed between 0 and π2 . 

The profile }{ lz  can be obtained by the 

following equation. 
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4. Spectral Density of Measured Profile 

 

 In 1991, Church and Takacs [5] made a 

conjecture that a measured profile should 

have the following spectral density. 
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 For a fractal profile, the spectral density 

of a measured profile will be 
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 Church and Tacas thought that the 

critical wave number is implicit defined by 

the equation  22

κσκ =stylusC    (2) 

 

5. Simulation and Spectral Analysis 

5.1 Non-Dimensional Analysis and Profile 

Generation 

 

D  and G  are non-dimensionalized by 

D    
r

G
g =  

Also, we define a non-dimensional wave 

number and non-dimensional spectral density 

as following. 
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Figure 2. =D 1.3, =H
3

10
− , profile and locus of 

stylus tip 
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Figure 3. )(wT  for =D 1.3, =H
3

10
− . 

 

Figure 4.  C  

 

5.2 Result 

 

 We study four different H 's with seven 

different fractal dimensions. 

=D 1.01, 1.1, 1.3, 1.5, 1.7, 1.9, 1.99 

=H 110− , 210− , 310− , 410−  

Totally, 35 cases are investigated.  For each 

case, ten profiles are generated.  For each 

profile, 32684 points are generated.  The 

sampling interval is 0.05. 

 Figure 2 shows part of locus and profile 

and figure 3 shows the spectral densities for 

original and measured profiles of =D 1.3, 

=H 310− .  If is found that, the spectral 

density of measured profile is the same as 

that of the original profile up to a critical 

wave number, 
c

w , above which it follows a 

power law 
h

D− .  
h

D  is between 3 and 4.  

We use the least square to fit the data in the 

log-scale figure.  We can find the critical 

wave number 
c

w  and the power 
h

D  for 

each profile. 

We calculate the average C , 
c

w  and 

h
D  for each case.  The C 's are shown in 

figure 4.  Figure 5 shows the average power 

h
D .  Figure 6 shows the critical wave 

number 
c

w . 

In figure 4, we find that C  is not 0.1 as 

Wu claimed [6].  Therefore, the critical 

wave number can not be obtained from 

equation (2). 

 

 
Figure 5. 

c
ω  

 

Figure 6. Critical sampling interval. 

 

5.3 Critical Wave Number 

 

 Using regression, we can find an 

empirical formula for critical wave number. 

695.0564.0log275.0log +−−= DHw
c

 

 The critical wave number obtained from 

simulation and the one obtained from the 

above equation is shown in Figure 5. 

 

5.4 Reliable Sampling Interval 

 

The reliable sampling interval can be 
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decided by critical sampling interval as 

follow 
c

w
s

π
=  

The critical sampling interval for all the 

cases we investigate are shown in Figure 6. 

 

5.5 Estimating the Error of Variance of 

Height by Measured Spectral Density 

 

The spectral density is approximated by 
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The variance of height is 

∫= h

s

w

w

dwwT )(22σ  

Thus, fractional measuring error on variance 

of height is 
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Examples are shown in figure 7.  It is found 

that this equation can estimate the error of 

variance of height correctly.  

 

Figure 7. Error of variance of height 

 

6. Conclusion 

 

 This paper use spectral analysis and 

computer simulation to investigate the effect 

of sampling interval on measuring fractal 

profiles.  It is found that if the sampling 

interval is too large, the data about the 

surface may be too few.  If the sampling 

interval is too small, the spectral density may 

be distorted.  The reliable sampling interval 

strongly depends on H  and D .  The 

formula for critical sampling interval is 

obtained.  From the critical sampling 

interval, the spectral density of measured 

profile is developed.  Also, the error of rms 

height can be easily estimated. 
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