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In this paper, we consider a renewal reward processes with fuzzy reward and inter-arrival
time in the fuzzy sense by using a metric and prove a proposition which the long run
average fuzzy reward with inter-arrival time in the fuzzy sense is just the expected reward
earned during a cycle divided by the expected length of the cycle in the fuzzy sense.



1.Introduction

The notion of a fuzzy set was introduced by Zadeh [11] who defined it as a generalized
characteristic function; that is, one which varies between zero and one rather than merely
assuming the two values of zero and one. Intermediate values give grades of membership
of various points in the set, higher values implying higher grades of membership. Typical
examples of fuzzy sets are the set of numbers around 5 or the set of the times of arrival.
The concept of fuzzy random variables provided by Kwakernaak [3.4] , Puri and
Ralesce[5]is a particular kind ol fuzzy sel. An SLLN [or sums of independent and
identical distributed luzzy random variables was obtained by Kruse [7] and Kim[10]
proved an SLLN Tor sums of independent and identical distributed fuzzy random
variables by using a metric. The concept of a renewal process,having inter-arrival time in
the fuzzy sense, was provided by Hwang[1]. He also showed a result for the rate of a
renewal process in the fuzzy sense. Renewal reward processes with fuzzy rewards were
provided by Popova and Wu[2]. In this paper, we consider renewal reward processes with
fuzzy rewards and inter-arrival times in the fuzzy sense by using a metric and prove a
proposition which the long run average fuzzy reward with inter-arrival times in the fuzzy
sense is just the expected reward carned during a cycle divided by the expected length of
the cycle in the fuzzy sense.

Section 2 describes briefly some propetties of fuzzy numbers and defines fuzzy
random variables. the expectation ol fuzzy random variables and a metric d on the set of
fuzzy numbers F{R}. In section 3,a renewal process having inter-arrival times which are
fuzzy random variables and a theorem for the rate of a renewal process having
inter-arrival times which are fuzzy random variables are reference from Hwang[1]. In
section 4, we consider a renewal reward process with fuzzy rewards and inter-arrival
times in the fuzzy sense by using a metric and prove a proposition which shows that the
long run average fuzzy reward with inter-arrival times in the fuzzy sense is just the
expected reward earned during a cycle divided by the expected length of the cycle in the

fuzzy sense. Finally an example is provided.

2. Fuzzy numbers, fuzzy random variables and the expectation of fuzzy random
variables.

If X is a collection of objects denoted generically by x, then a fuzzy set M inXisa
set of ordered pairs: M = {{'_x.?\?l(x)')lx € X} Jwhere M (x) is called the membership
function or grade of membership. We have the following definition by Zimmermann [12].

Definition 2.1
A fuzzy number M is a convex normalized fuzzy setM of the real line R such that



a. ltexists exactly one x, € R with the membership function I\T’I(xn) =1(x, 1s

called the mean value of IC‘I).
b.  The membership function M (x) is piecewise continuous.

Definition 2.2
The crisp set of elements that belong to the fuzzy set A at least (o the degree a
is called the &z -level-set : A = {x LA 2 a}, Gsa<l. (2.1)

Thea -level-set A, isa useful tool for the treatment of fuzzy numbers.

Definition 2.3
If the & -level-set Ku is a closed and bounded set for all o e (0,1]. then the fuzzy

set ;i‘; is said to be closed and bounded set.

A fuzzy number M may be decomposed into its o -level-sets by

M = su -1
GEID.I%Q M, (2.2)
or M (x)= sup e (%)
ae(D.t]ﬂQ{a F, 2.3)

where Q is the set of the rational number.
Let 1/ and V betwo fuzzy numbers in R. By the extension principle, four operations
on fuzzy numbers U and V are defined as follows:

(U+V)H() = sulp‘{[‘j(x)A‘:}(y)} (2.4)
(-9 = sup{U0 A V) (2.5)
(U= Vi = sgp{f?(x)f\‘?’(y)} (2.6)
(5 ®= supfloon V) @.7)

By R.Kruse and K.D.Meyer [8],we have the following LemmaZ2.1.

Lemma 2.1.
Let neNand f:R" — R beamapping.ForanysubsetsA|,A,..., A < Rdefine

fA LA A = Te R 1) € (A AL e, A ) with it T, t, ) =t

Assume U is a closed and bounded fuzzy random variable, i=1,...n,then

LetX =|x "] = {x'\ S);Sx"} and Y =[y .,y 1= {yiy‘gysf}



for x"x%,y .y e R.
Four operations (+,—, * and/)onX and Y are defined as follows:

X+Y=[x"x "1+ [y, ¥y =[x +y x"+y"] (2.8)
X—Y=[x"x" 1=y, v ]=[x" -y x"—vy7] (2.9)
X+Y=[x"x1*[y.v
ot byil o (2.10)
=[min{x vy ,x "y ,x vy vy hmax Gy LTy Lk vy LTy
and X=[>f,>t*'l="[ 1_' ]_, Lo<y <y’ (2.10)
Y vy

Let F(R) be the set ol [uzzy numbers in R.
Theorem 2.1 (Goetsdhel and Voxman[6])

For Te F(R),denote U"(a)=u"and W"(x) =1 by considering as functions of
a €[0,1]. Then
{1) T"(a) isabounded increasing function on [0,1].
{(2) TY(a) isabounded decreasing function on [0,1].
3) at(H<u (.
(4) G (a)and T"(w)are left continuous on (0,1) and right continuous at 0.
(5) If ¥'(e)and ¥'(o)satisfy above (1)-(4), then there exists a unique ¥ € F(R) such

that ¥,=[¥"(a),¥"(@)].

Definition 2.4
Let (€2, 1", P) be a probability spacc and let F(R) be the set of fuzzy numbers in R (i.e.

form Q,X(@)e F(R)) . A fuzzy random variable is a function X:€ —F(R) such
that {(m,x) X € 5:{((9)rl {x) za]e I'x {where B denotes the Borel subsets of R)  for
everya €[0.1],where ;((w}a = {x eR: ?((a))(x) zo .

Let (Q, I', P) be a probability space and let f(! :QQ - F(R) be a fuzzy random variable,

for each t €T, an index set. We called {)ﬂét} .2 fuzzy stochastic process.

Let I;Ii ,i=1,2,... be a sequence of fuzzy random variables on (£ ,[", P).
Iffora €(0,1], @ €Q, X!, and X defined by
X o) =infX (),
and X, "(@) =supX (@),
are sequences of independent and identical distributed crisp random variables, then
the X, , i= 1,2,... is called a sequence of independent and identical distributed fuzzy

random variables,

tn



Definition 2.5
Let (Q, T, P) be a probability space and let X :Q2 —F(R) be a fuzzy random variable.
If for each a€[0.1], X and X'are integrable the expectation of a fuzzy random

variable X is the fuzzy number EX  such that
ke R EX(x)2a} = [EX),EXY]

By Definition 2.5 and (2.3), we get EX(x)= supal (2.12)
|

SUpO Ligqy gy ()

Let f(, and }?2 be fuzzy random variables on (Q, T, P),we define the sum }2! +)T{2

and the product X, *X, as follows:

(X, + X)) @)= X (01X, (@) (2.1
(X, * X)) = X (o) X, (@) (2.14)
Let F(R) be the set of fuzzy numbers and U e F(R).
We define:
U =infu,
and U, =supl, .

From this characterization of fuzzy numbers, a -level-set G =[G) G, ].

A metric d,on F(R) is defined by

d(u, V) = supd (U, .V, ) ,where d_ is the Hausdorff metric defined as
[ B

d, (U .V Y=max(|G -V |7 =¥ ]).

Also,the norm || || of fuzzy number U will be defined as
I || = d(¥,0) = max(| Ty || Wy |-

3. The renewal process
Let (€2, T, P} be a probability space.In crisp renewal process, let the random variable
X, be the time between the (n-1)st and the nth event of a process such that X :Q - R,

n> 1. If random variables [X .X,.. are independent and identical distributed, then

S, = ZXE represents the occurred time ot nth event. For example a radio works on a
=1

single battery.As soon as the battery in use fails, it is immediately renewed with a new

one. Suppose that we have an infinite supply of batteries whose lifetimes are independent

and identical distributed random variables X,.X,... ,where Snzzx1 , nz |,
=1
thenS, =X, is the time of the first renewal; S,=X,+X, is the time of the second

renewal. In general, S_ denotes the time of the nth renewal. In this crisp sense, the
lifetimes of a battery are considered by crisp languages. But the lifetimes of a battery are



uncertainty in real situations. Therefore, we would rather consider the lifetime of a
battery in fuzzy languages than crisp languages.

For a probability space (£2, 17, P), let the time between the (n-1)st and the nth event of a
process in the fuzzy sense be a fuzzy random variable fin suchthat X :Q —F(R"),
where F{R" } is the set of fuzzy numbers in R* (i.e. forw €Q, f{n{w) F(R™)and

R*=(0,cc))and n>1. Foreach « e (0.1), both X", and X!, defined by

X,y =inf{iX ()0 2 af
and f(l w) = sup{tl)?i(a}}(t} > ar}, for i=1,2,... are sequences of independent and
identical distributed random variables.
We have the o -level-set ?(i(ru)u = [ff(l S}, X (@), i=1,2,...
By the strong law of large numbers in the crisp sense, we have
lim r]] S X, = EX|, as.

2zl

-

and lim ‘Zil}_“ =EX)

[.er
R L

For a sequence of independent and identical distributed fuzzy random variables

a5,

~ 1 — ~
{Xl,Xz,... Jet 8, = in ,thatis, S represents the occurred time of nth renewal in
j=1

the fuzzy sense. For each a €(0,1], cachw €Q and neN, S (w)- and S ()" are
defined by

S (@)t = inf{tlgn(w){t)z a} (3.1
and (@)= sup {15, () 2 o} (3.2)

Hence, the a -level-set (S, (@} ), =[S, (@):,S, (@)’ ].
We aiso fet TTI: (t)(m‘)l = sup{n ! -S-“ (Y <1t {3.3)
and N' (@) =sup '{n S, (@)l <t (3.4}

it is clear that Kl )= N (0.

Definition3.1
Let the time between the (n-1)st and the nth event of a process in the fuzzy sense be a

fuzzy random variabie }Nin .21 If {3'(.‘ ,X,,... isasequence of independent and
identical distributed fuzzy random variables, then the fuzzy stochastic process

{I—\'J(t),t > 02 is said to be a fuzzy renewal process where I":'(O is a fuzzy random variable
with the following fuzzy number defined by, foreach we Q|

N(t{w) = sup -1 2 is the set of the rational numbers.

Wi N e !
FEIONND [y, () g ()]

It means that the fuzzy random variable N{t) represents the total number of “events™ that



have renewal to time L in the fuzzy sense. The following theorem was provided by
Hwang[1]

Theorem 3.1

With probability one, N(t)_) 1, as t—w,
t EX

1

4. The renewal reward process with inter-arrival times and a reward in the
fuzzy sense
Let the time between the (n-1)st and the nth event of a process in the fuzzy sense be a
fuzzy random variable }?n » n21 and let a fuzzy renewal process be defined by

{ﬁ(t)_tzt}] where ﬁ(t): SUp {Q-Im.m_ﬁuw , @ is the set of the rational number.

el 10D
Suppose that each time a renewal occurs, we receive a reward. We denote by ﬁnthe
fuzzy reward earned at the time of (he nth renewal. We shall assume that {ﬁ ,-n2lisa
sequence of independent and identical distributed fuzzy random variables.
Foreach o <(0.1), both ﬁf{_ﬂ and R

.. are defined by:
Foreach we Q2,
ﬁhﬂ (@)= inf {s} R (@)s) Za}
and ﬁn“ﬂ (@)= sup {s IR (@)s) 2 a}

Hence, the a -level-set (R (@), = [ﬁ (@)L RY (a})]

Let Rihy= sup {o-1
asoQ( RN
then R{t)represents the total reward carned by time t with inter-arrival times and a
reward in the fuzzy sense,

Foreach a (0,1}, R(1)! andR(1)! arc defined by as follows:

Jl,with Q being the set of the rational numbers,

ROY - inf {s| RO)(s) 2 @
and ﬁ(t)l‘,' = sup { s ﬁ{t’)(s) P a}

Hence,the a -level-set [R(0(@))], = [R)’: (). R)? (@)

The following Lemma is well-known in the Classical Analysis.
Lemma 4.1
Let {f,} be asequence of monotonic functions on [0,1].1f {fn }converges pointwise

to a continuous function f(x) on [0, 1]then f (x)converges to f(x) uniformly.

Let F.(R)= {ﬁ € F(R}[0) and G} are continuous when considered as function of o



Proposition 4.1,

. . R(t) ER
If ER,and EX, € I (R}, then d( {), o
tEX,

Proof: For any 0<a < I, we get the @ -level-set [ﬁ(t)]u = [ﬁ(t)i R

}—=»0 as t—>w as.

It is clear that we get R(t)" = Zhll R® and R(p" = Zi'l"‘"'fi:;

n=1

By the strong law of large numbers , we obtain that

NS
2ot Ris =ER,'

i = . a.s.
My A1 )res Nq- (t) a
. , N 1
Similarly ,we have  lim © LT ey As
Ty Elyer S(j‘.“)(a))u E:‘}(] 7
’ NN
N :lll?-]m-, S W FT{L a5
o N.I;IIIH(QJ)U R e

Let {rk be a countable dense subset ol 0,1].Then there exist B, el with P(B, ) =0 such
that for eachw & B,

Zﬁf‘(tlﬁL
lim et M —pR Y @0
Np—e NT(1)
, Ny ) |
ﬁllzm}m'g ‘-( u - FS"(U (4.2)
" Ny, 1 @), T
Nt 1
and _lim _ '*()U= ~u 43
Bl - v Sii" m(a)),.‘ EX, ",

If we define B=| ] 13, . then P(B)=0 and for each o & B, (4.1).(4.2) and (4.3) hold for

Zil;'(l.\§|
. . . . * ~ 1 . .
alir, .New, we witl show that for cach we B, _lim e ER,  uniformly in

N e ﬁ:l (t)
a€[0,1].Let we B, 3 e(0.1yand & >0 be arbitrarily fixed. Then, by the continuity of
Eﬁ,: at P as a function of @, there exists 8§ > Osuch that |o - | <8 implies

|ER, "~ ER | |<t.

I.p
If we taker,,r, so that B—8 <r,<B<r, <[ +3, then Eﬁ, 11 —-& <Ef{,ﬂL<Eﬁ, “te
. : .

Ning =
> R

R0 with respect to «,
III [Lt

Hence, by the monotonicity of



N RN R, (05

1 I{ . R — m R )

ZIL-II s [ | b s Zl':li . o ER‘ 1i < Zn:—;l My
N' () N, () !

Mo

. . . zn::l R :lﬁ - L

which implies "2 — ER, .
Ny (0 ’

ZNL’[t]ﬁL
Therefore, if ¢ B,then lim <2 ™ ZER "
N“,(I)aa: N](t] -

~ER,! +&

N, (1)

for each @ [0,1].

Zﬁ&l' ) R ZF&.'; 1t BL
S. n=1 na . v . - n=| na . .
ince ﬂL( ) are monotonic functions on [0,1] and =2 ( converges pointwise
i t
14 14

a continuous function Eﬁ,‘(']' on [(,1], it follows from Lemma 4.1 that the convergence
is uniformly ina €(0,11].
Similarly it can be proved that for each we B,

L
!l_ilTl = Nu (L) 194 - "'.!U
M) e SF‘;“J(@)Q EK; 0.
. NE(t .
and lim (0 y = wlu uniformly « [0,1].
M= S (@), EX|,,
Nt Nkt N (t
And for all t >0 , we have - «(© US-“()SN “()C.
St (@ U Sy (@)
NG I :
Then, we have that for each o ¢ B, lim = o, Uuniformly «e(0,1].
) 1 o

Hence, we obtain that
Rt~ Ry Nht
tim NV < ji RO N0
e e Nt

R TR -~ ﬁ.I.'(t}""'i. o
24 ] Run Nl:(l} - Zn=l R'm [iiﬂNri—([)

= i T hm -
[ N.ll (1) { Rk e \.:L(t} L |
ER,,
= o, uniformly o e[0,1].
E Lo
. ) E(t):' EEL,EJ i
Similarly ,we have lim ) L= 5 uniformly o €[0,1].
A,
R(1) ER,

Therefore, foreach @ ¢ B, d( R Eii yJ—>0as t-»>00. as.
|

Proposition 4.1states that the long run average fuzzy reward with inter-arrival time in the
fuzzy sense is just the expected reward earned during a cycle divided by the expected



length of the cycle in the fuzzy sense.

Examplie 4.1

John has a radio that works on a single battery. As soon as the battery in use lails, he
immediately replaces it with a new battery. Let (€, I', P) be a probability space. We
consider the lifetimes ol balteries as a sequence of independent and identical distributed
fuzzy random variables [}m(n,n >1 such that X :£ —>F(R"), where F(R") is the set
of fuzzy numbers in R* (e forw €8, }N{n(a)) F(R*)) and the membership

function }En(w)(t} = max (l-( [;(S)" 0} . t R where (§,K) : ) »RxR is a random

vector such that the expectation ES and the expectation EK exist (S2K>0), n21.
Foreach a (0,1, both X and X, , gotten by

X, (@)= inf {[Iil(a))(t) > a} =S K(l-a)?
and X, (@) = sup {tl)?}(m)(t) > a} = S+K (1 -a)'"?, are sequences of independent and

identical distributed random variables,
The expectation of the fifelime of a battery is the fuzzy number EX, and

o ] J A _
EX.(U= sup F‘Y.I||\;}-ﬂ_|-:_‘{‘j‘r|(1'}fr; Sup {g'I[EsfaK(lgg]"il:SH;[q|-m"3|m

ae(0, [ T ae(0,117Q
t—ES .,
=max (1-( 19,01, R, 4.1.]
BK } (4.1.1)
Hence, thea -level-set EX, = [ES—FEK(1-a)'?, ES+EK{l1-a)'”]. 4.1.2)

We also consider the prices of batteries as a sequence of independent and identical
distributed fuzzy random variables {ﬁﬂ,n =1 such that ﬁn :Q > F(R"), where F(R™)

is the set of fuzzy numbers in R (i.e. forw  £2, f?; {)e F(R") and the membership
function &, (&) (t) = max (I—(I_LR)2 ). teR where { R L) : Q2 -5 R x R is arandom
vector such that the expectation [ R and the expectation EL exist (R 2L>0),n21.
Foreach a e(0.1].hoth R, and R, . potten by

R, (= il R (o)) 2 =R-L{1-a)"”
and R ,‘; (e2) = sup {l R d)(yza = R+L(1-a)'"?, are sequences of independent

and identical distributed random variables. Let N(t) denote the fuzzy number of

batteries that have failed by time t, and Ietﬁ(t) = sup {a- | ZRIL'W }, Q is the
[ 0 i

wel0,11°Q R ZNHIE:’ [
set of the rational numbers, then  R(1}represents the total costs in the fuzzy sense by time
t. By Proposition 4.1 ,we have that the long run average fuzzy costs with inter-arrival
R{U)
1

time in the fuzzy senscis lim and
[



R ER, |
lim = Tosup oqacl
127 gt EX, e [ 1\.. I”J

= sup -l ER-EL(1-g1"'? BR+EL{}-a} "} ]7
IR AN | - TEE e
ES+EEf 1-a) ¥ ES-ER{1-o) '*2

where Q is the sct of the rational number.
That is, the long run average fuzzy reward with inter-arrival time in the fuzzy sense is

R Eﬁ 2 P [ 1
E;' and the & -level-set 1% = [.!—.':3_?____!1"(] ~a)’ ER+EL{] 'Gf)‘] (4.1.3)

ES+EK(1-a)?  ES-~EK(1-a)*

By (4.1.2.) and (4.1.3.}, corresponding to the a -level-set

[ES— EK(1—-a) " ES+ EK(1 —a} '"*of the expectation of the lifetime of a battery period.

the & -level-set of the long run average fuzzy reward with inter-arrival time in the fuzzy
ER-EL(l-a)’ ER+ELH-aﬁ}l

ES+EK(1-2)'  ES-EK(l-a)’

1 la

sense is

ER-LL{—a):
|

ES+EK(l-a )

For 0<a <1, we obtain LR-EL <y, < E
ES+EK ES

ER-yES]
From (4.1.3), letting —y'—} .

= Y| . WE Obtaiﬂ o = i -] =
EL+ v ,EK

Hence, we obtain

Ef, (y)=1- ER-vyES , n I~.R~—ELS}(S_E_R_
EX | EL+ yEK ES+EK ES
Similarly, we obtain
E}E, (y)=1- »E‘irﬁ . ¢ ERSySERH;LI
EX L+ yEK ES ES-EK
. . . ER R
Hence, we obtain the membership function —=-{y) of == as follows:
sehd [
Ei&, (y)=1- l-'jR_J":E,*E , " [iR_EI’S}f§%R+fEL'.
EX, L+ vIEK ES+EK ES-LK
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